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Abstract. In this paper we study absence of embedded eigenvalues for Schrodinger 
operators on non-compact connected Riemannian manifolds. A principal example is 
given by a manifold with an end (possibly more than one) in which geodesic coordi- 
nates are naturally defined. In this case one of our geometric conditions is a positive 
lower bound of the second fundamental form of angular submanifolds at infinity in- 
side the end. Another condition may be viewed (at least in a special case) as being 
a bound of the trace of this quantity, while similarly, a third one as being a bound 
of the derivative of this trace. In addition to geometric bounds we need conditions 
on the potential, a regularity property of the domain of the Schrodinger operator and 
the unique continuation property. Examples include ends endowed with asymptotic 
Euclidean or hyperbolic metrics studied previously in the literature. 
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1. Introduction and results 

Let (M, g) be a non-compact connected Riemannian manifold of dimension d > 
1 (possibly incomplete), and H the Schrodinger operator on the Hilbert space % = 
L\M): 

H = H + V; tfo = -fA=±p*<f-^, Pi = -idi. 

We introduce four conditions under which we prove that a self-adjoint realization of H 
does not have eigenvalues greater than some computable constant. For the Euclidean 
case the theory boils down to absence of positive eigenvalues which is a well studied 
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subject, see e.g. [RS, FHH20, JK]. Our conditions appear rather weak and allow 
for application to manifolds with boundary (possibly caused by metric or potential 
singularities). In particular, to our knowledge, they are weaker than conditions used so 
far in the literature on the subject, cf. e.g. [Me, MZ, Do, Kul, Ku2]. The present work 
is applied in a companion paper [IS] in which scattering theory is studied for a general 
class of metrics. Our conditions are also weaker than the conditions of [IS]. 

The first condition we impose guarantees intuitively that (M,g) has at least one 
"expanding end" . 

Condition 1.1. There exists an unbounded real-valued function r G C°°(M), r(x) > 1, 
such that uniformly in x G M (i.e. all limits below are meant to be uniform in x G M): 

(1) The following inequality holds, 

limsup |dr| < oo. (1.1) 

(2) There exist constants c > 0, c G [c/2, c) and r > 1 such that 

VV > eg for r > r , (1.2) 

and 

liminf (rd r \dr\ 2 + c|dr| 2 ) > 0, lim d r \dr\ 2 = 0, (1.3) 

r—too r— >oo 

where d r = ip r = Vr = gradr denotes the gradient vector field for r, i.e. 
d r f = (<),,■),,"(<),!). f g C°°(M). 

(3) There exists a decomposition Ar 2 = p\ + p 2 such that 

lim pi = 0, limsup r _1 |p 2 | < oo, limsup |d/?2 j < oo. (1.4) 

r ^°° r— too r— >oo 

Note that the subsets {x G M\ r(x) < f }, f > 1, may not be compact (this is similar 
to [Kul, Ku2], see Subsection 2.2). In particular the function r could model a distance 
function within a fixed single end of M extended to be bounded outside, in particular 
bounded in other ends of M. Also note that for an exact distance function (1.1) and 
(1.3) are trivially fulfilled, and in that case the above operator d r is identified as the 
geodesic radial derivative <9 r , see Subsection 2.2. 

Condition 1.2. There exists a decomposition V = V! + V 2 , V x G Lf oc (M), V 2 G C\M) 
and Vi, V2 real- valued, such that uniformly in x G M: 



lim rV\ = 0, limsup | V2 1 < 00, limsuprcTV^ < 0. (1.5) 

Note that under Condition 1.2 the subspace C^°(M) C T>{V) and whence that H 
is defined at least on C£°(M). However under Conditions 1.1 and 1.2 this operator is 
not necessarily essentially self-adjoint. Note that (M,g) is allowed to be incomplete 
and that V is allowed to be unbounded. For instance (M, g) could be the interior of 
a Riemannian manifold with boundary and for essentially self-adjointness we would 
then need a symmetric boundary condition. Lack of essential self-adjointness could 
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also originate from unboundedness of V in some end. To fix a self-adjoint extension we 
first choose a non- negative x £ C°°(R) with 

y(r) = { for r < 
xy ' \ 1 for r > 2, 

and then set 

x^M =x( r A0» ^ > i. (1.6) 

We shall henceforth consider the function \v as being composed with the function r 
from Condition 1.1. In this sense particularly \v £ C°°(M). 

Condition 1.3. The operator H defined on C£°(M) (by Condition 1.2) has a self- 
adjoint extension, denoted by H again, such that for any ip G D(H) there exists a 
sequence ■?/>„ G C™(M) such that for all large v > 1 

- ^«)|| + Hx^-H"^ - Hip n )\\ -> as n oo. 

Note that Condition 1.3 is fulfilled if (M,g) is complete and V is bounded. In that 
case indeed H is essentially self-adjoint on C£°(M), see Proposition 2.1 for a more 
general result. 

As a global condition we impose for this self-adjoint extension the unique continuation 
property. 

Condition 1.4. If G T>(H) satisfies Hip = E<p, E G R, and <p(x) = in some open 
subset, then 0(x) = in M. 

In Section 2 we shall discuss various models satisfying Conditions 1.1-1.4. We define 
a "critical" energy, 

£ = limsup(V + ^). (1.7) 

r— s-oo 

Note that the smallest possible value of E under variation of c in (1.3) is attained 
at c = c/2. For examples in Subsection 2.2 (for which for simplicity V = 0) we can 
use this c and verify that the essential spectrum a css (H ) = [£o,oo), see Remark 2.3 
1). Whence for these examples indeed Eq is critical regarding absence of eigenvalues as 
stated more generally in the following theorem. 

Theorem 1.5. Suppose Conditions 1.1-1.4- Then the eigenvalues of H are absent 
above E Q , i.e. a pp (H) fl (E , oo) = 0. 

Various of our conditions are optimal for exclusion of embedded eigenvalues. It is 
well known in Schrodinger operator theory that the von Neumann Wigner potential, see 
for example [FH] or [RS, Section XIII. 3], provides an example of a positive eigenvalue 
for a decaying potential C^r" 1 ), r = Whence the conclusion of Theorem 1.5 is 
in general false if the first condition of (1.5) is relaxed as limsup^^ r|Vi| < oo. An 
example of a Laplace-Beltrami operator having an embedded eigenvalue is constructed 
in [Kul]. This is for a hyperbolic metric, and the example shows similarly that the 
conclusion of Theorem 1.5 in general is false if the first condition of (1.4) is relaxed as 
limsup r ^ oc \p\\ < oo. (Actually Kumura uses the von Neumann Wigner potential in 
his construction.) 
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The proof of Theorem 1.5 follows the scheme of [FHH20, FH, DeGe, MS] employing 
in particular a Mourre-type commutator estimate and exponential decay estimates of 
a priori eigenstates. In our geometric setting the "Mourre commutator" can be very 
singular (in particular not bounded relatively to H in any usual sense). Consequently we 
only have a weak (however sufficient) version of the commutator estimate, see Corollary 
3.2. 

We use throughout the paper the standard notation (a) = (1 + 1 c - 1 2 ) 1//2 and (as above) 
d for exterior differentiation (acting on functions on M). Note that in local coordinates 
p : = —id takes the form p = (pi, . . . ,Pd)- We shall slightly abuse notation writing for 
example pip G U = L 2 (M) for ip G C C °°(M) even though the correct meaning here is a 
section of the (complexified) cotangent bundle, i.e. pip G T(T*M). Note at this point 
that \\ptp\\ := ||p0l|r(T*M) = || \pijj\ \\<u- If A is an operator on V. and ip G T>(A) we 
denote the expectation (ip,Aip) by (A)^. Unimportant positive constants are denoted 
by C, in particular C may vary from occurrence to occurrence. The dependence on 
other variables is sometimes indicated by subscripts such as C u . 

2. Discussion and examples 

In this section we investigate how general our conditions are by looking at several 
examples. 

2.1. Global conditions. We recall some general criteria for self-adjointness and the 
unique continuation property. 

Proposition 2.1. Let (M,g) be a complete Riemannian manifold of dimension d > 1. 
Then the free Schrddinger operator H Q is essentially self-adjoint on C£°(M). Suppose V 
is real-valued, measurable, bounded outside a compact set and in addition: V G Lf oc (M) 
for d = 1,2,3, V E Lf oc (M) for some p > 2 if d = 4 while V G L^(M) for d > 5. 
Then V is relatively compact. In particular H is essentially self-adjoint on C£°(M). 

We refer to [Ch] and [RS, Theorems X.20 and X.21]. We can generalize the class of 
potentials to the Stummel class, see e.g. [DoGa]. 

As for the unique continuation property, Condition 1.4, there is an extensive literature 
although mostly for Schrddinger operator theory, see e.g. [JK]. For general connected 
manifolds we refer to [Wo] and references therein, quoting here the following sufficient 
conditions supplementing connectivity and the conditions in Proposition 2.1: 1) d = 
2, 3, 4 and V is globally bounded, or 2) d > 5. One could (of course) add 3) d — 1. 

2.2. Conditions inside an end. In the sequel we consider a connected and complete 
(M,g) of dimension d > 2 and take (for simplicity) V = 0. We shall examine the 
meaning of Condition 1.1 in the case where, in addition, (M, g) has the following explicit 
end structure: There exists an open subset E C M such that isometrically the closure 
E = [0, oo) x S for some (d — l)-dimensional manifold S, and that 

g = dr <g> dr + g a p{r, a) da a <g> da' 3 ; g„ = 1, g ra = g ar = 0, (2.1) 

where (r, a) G [0, oo) x S denotes local coordinates and the Greek indices run over 
2, . . . , d. Whence actually r is globally defined in E and it is a smooth distance function 
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(here given as the distance to {0} x S). In particular we have |dr| = 1 which obviously 
implies (1.1) and (1.3). Notice here that Condition 1.1 involves only the part of the 
function r at large values, so in agreement with Condition 1.1 we can cut and extend 
it to a smooth function on M obeying r > 1. This is tacitly understood below. To 
examine the remaining statements (1.2) and (1.4) of Condition 1.1 we compute 



2.2.1. End of warped product type. If we consider the warped product case where g a p{r, a) = 
f(r)h a p(cr) we obtain, using (2.2a) and (2.2b), the following examples fulfilling also (1.2) 
and (1.4) of Condition 1.1. 

Examples 2.2. (1) Let / = r 2p with p > 0. Then (1.2) and (1.4) hold with 
c = min{2, 2p} and p± — respectively, and the critical energy E = 0. 

(2) Let / = exp(/tr") with k > and q G (0,1). Then (1.2) and (1.4) hold with 
c = 2 and p\ — respectively, and E = 0. 

(3) Let / = exp(2/tr) with k > 0. Then (1.2) and (1.4) hold with c = 2 and p x = 
respectively, and E = n 2 (d— l) 2 /8. 

Remarks 2.3. 1) For all of these examples it is easy to compute that the essential 
spectrum a css (H) D [Eq, oo). If in addition M\E and S are compact then we 
have a ess (H) = [E ,oo). Whence indeed the absence of eigenvalues in (£o,oo) 
as stated in Theorem 1.5 is optimal under these additional conditions for the 
above examples (except possibly that the threshold energy E = E in a concrete 
situation might not be an eigenvalue neither). 

2) A metric obtained by taking p — 1 in (1) (and assuming also M \ E and S 
compact), and possibly perturb it, is dubbed a "scattering metric" in [Me, 
MZ]. As shown by Melrose absence of positive eigenvalues holds for scattering 
metrics. Since it is not required in Condition 1.1 that r is an exact distance 
function we may still have this condition fulfilled in perturbed situations (letting 
r be the unperturbed distance function). In this spirit Donnelly [Do] studied 
perturbations of the Euclidean metric (corresponding to p = 1 in (1)) using a 
certain function of this type (i.e. not an exact distance function), and he proved 
absence of positive eigenvalues for such model. More generally, but roughly 
still in the framework of perturbations of (1), absence of embedded eigenvalues 
was obtained in [Ku2], and for hyperbolic models (roughly for perturbations 
of (3)) it was done in [Kul]. However Kumura's results are stated in terms 
of an exact distance function and parts of his results involve conditions on the 
radial curvature. Whence his framework is seemingly somewhat different. It 
turns out, however, that his conditions imply properties that are stronger than 
our conditions. We will discuss an example of this point in Corollary 2.4 and 
Remark 2.5 2). 

3) Under the condition of warped product metrics growth rates between / = r 2p 
with p > 1/2 and / = exp(/tr 9 ) with k > and q G (0, 1/2) define a class of 
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(2.2b) 



6 K. ITO AND E. SKIBSTED 

metrics for which the scattering theory [IS] applies. More generally Conditions 
1.1-1.4 are weaker than the conditions used in [IS]. 

2.2.2. Volume growth and curvature. Here let us relate the critical energy E to geo- 
metric quantities. We continue to assume (2.1) in the end E although without warped 
product structure. In the coordinates (r, a) G [0, oo) x S used in (2.1) we have 

Ar 2 = 2 + 2r Ar, Ar = d r In \fdsig, 

so that we can measure the volume growth in the radial direction in terms of the 
function Ar. By (2.2a) the inequality (1.2), necessarily with c < 2, is equivalent to 

{rd r g al) - cg a/3 ) a ,p > for r > r . (2.3) 

In particular the induced metric on the angular manifold S? = {x G E \ r = f} grows as 
a function of f. By taking the trace of (2.3) assuming here and henceforth c = 2 and 
c = 1 in (1.2) and (1.3), respectively, we obtain 

rAr > (d — 1) for r > r . 

Consider the special case of "asymptotic volume growth rate" 

Ar = p + + o(±); p + >0. (2.4) 

Then, setting p 2 = 2 + 2rp + and p\ = Ar 2 — p 2 = o(l) in (1.4), we can write E in 
terms of the volume growth rate 

E = pl/8. (2.5) 

Next, noting that the radial curvatures i? ra d can control the second fundamental form 
(by a standard comparison argument, see e.g. [IS, Remark 1.13] for a reference) we 
recover a result from [Kul] (here slightly extended). 

Corollary 2.4. Suppose (M,g) is connected and complete having an end E with metric 
of the form (2.1). Suppose there exists k > such that the radial curvature i? ra d satisfies 

Rr&d = — {k 2 + °(r))g on S r (uniformly in x G E), 
and there exists r\ > such that 

Rr&d < on Sf for all f > r\ and V 2 r > on S ri . 
Then a pp (H ) n (K 2 (d - l) 2 /8, oo) = 0. 



Proof. We have, cf. [Kul, Proposition 2.2], 

V 2 r ]Sr = (K + o(±))(0-dr<8>dr), (2.6) 

and thus (2.4) holds with p + = n(d — 1). Indeed we have (1.2) with c = 2, and 

Eq = K 2 (d — l) 2 /8 by (2.5). The result follows from Theorem 1.5. □ 



Remarks 2.5. 1) The radial curvatures i? ra d and K ra< i of [IS] and [Kul], respec- 
tively, are different objects but they contain equivalent information. 
2) The inequalities (1.2) and (1.4) may be viewed as bounds on the minimal and 
the mean curvatures (including the differential of the latter) of S r , respectively, 
whereas (2.6) certainly is a uniform asymptotic result for all the principal cur- 
vatures. 
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3. MOURRE-TYPE COMMUTATOR 

Suppose from this point Conditions 1.1-1.4. As a preliminary step in the proof of 
Theorem 1.5 we show in this section a version of the so-called Mourre estimate. We 
shall use the Mourre-type commutator with respect to the "conjugate operator" 

A = i[H , r 2 ] = \{{dir 2 )g ij Pj + p*g lj {d jr 2 )} = rp r + {p r )*r; f = -id r . 

While not necessarily being self-adjoint this operator is certainly symmetric as defined 
on C^°(M), and that suffices for our applications. 

Lemma 3.1. As a quadratic form on C£°(M), 

i[H, A] = p*(V 2 r 2 - \ Pl gfp 3 + \{ Pl H Q + H oPl ) + \c? Vl - ip*a l + (3; 

a t = 1 1 (d lP2 ) + V 1 (d l r 2 ), 

P = (Ar 2 )Vl - 2rd r V 2 . 

Proof. We note the commutator formulas, valid for any e C°°(M), 

-[H , [Ho,*]] =p*(V 2 <Pfp 3 - i(A 2 0), (3.1a) 

P*<f>9 ij Pj = <PHo + H Q <t> + i(A0). (3.1b) 

As for (3.1a) we refer to [Do, Lemma 2.5] or [IS, Corollary 4.2]. The lemma follows by 
first using (3.1a) with <fi = r 2 and then (3.1b) with = ^ Pl . □ 

We introduce for a > 

H a = H- 4|dr| 2 . (3.2) 

We shall consider H a and as an operator defined on C£°(M) only. We recall the defini- 
tions of Xv and E , (1.6) and (1.7), respectively. 

Corollary 3.2. Let E e (E , oo). There exist 7 > and C > such that, if v > 1 is 
large, then for any a > 0, as quadratic forms on C£°(M), 

XAH„, A] Xv > ixl - C X v(H a - E) 2 xu- 

Proof. We shall use Lemma 3.1 and in particular the functions a and j3 appearing there. 
Choose constants d G (0, c) and 7 > such that for all large enough r > 1 

r ^| dr | 2 > -^[drf and E — V — > 7 /c'. (3.3) 

Noting |Ar 2 | < Cr for large r, cf. (1.4), we have for all large r > 1 

W - \ Pl g > (c + d - c)g, (3.4a) 
P- P iV + Pl E>-%, (3.4 b ) 
(c' + » 2 <5 2 . (3.4c) 
Then by using (3.4a) and the Cauchy Schwarz inequality we obtain for all large v > 1 

Xv \[H a , A] Xv > X u{(c' + \ Pl ){H a - E) + (H a - E)(d + \ Pl ) - ^ 
- (2c' + Pl )V + (2c' + p^d^ldrl 2 + E) + /5 + a 2 r«9 r |dr| 2 } X „. 



" (3.5) 
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By using in turn (3.3), (3.4b) and (3.4c) we obtain with C := 2c 2 /7 

X,i[Ha, A\ Xv > X u{2c'E - 2c'V - ^ - (c' + \ Pl f/C - C(H a - Ef - |} X „ 

>X,{27-I-^-^) 2 -l}x„ 
and whence the assertion. □ 

4. Exponential decay of eigenstates 

The proof of Theorem 1.5, given in this section, depends on the following exponential 
decay estimate which in turn will be proved in Section 5. 

Proposition 4.1. Let E G a pp (H)n(E , oo) and suppose G T>(H) satisfies H(f) = E<fi. 
Then for any a > one has e ar (p G H. 

To implement Condition 1.3 efficiently we need to strengthen the stated approxima- 
tion property under some additional conditions (fulfilled for eigenstates due to Propo- 
sition 4.1). 

Lemma 4.2. Let ip G T>(H). There exists u > 1 such that for v > u and for any o > 
such that e ar ip,e ar Hip G "H the following properties hold: The states Xv^ ai Pi> , e 07 PXv^ £ 
H and there exists a sequence ip n G C£°(M) (possibly depending on a) such that as 
n — > oo 

Wx^ty - i>n)\\ + \\x^ r (piP + \\x»e ar m ~ H^ n )\\ 0. (4.1) 

Proof. Step I Note the distributional identity 

Xv^ r p^ = e ar pXu^ + ie CTr ?/>Y^dr. 

Applied to the given ip we see that Xv^vP G "H if and only if e ar pxvip G H. 

Step II We claim that there exists C > such that, if v > 1 is large, then for any 

ip G C C °°(M) and a > 

Hx.e-IWIH 2 < \\Xu^ r Hi,\\ 2 + C{a) 2 \\xu/2^ r n 2 - (4-2) 

In fact by (3.1b) 

\\x^ ar \m\ 2 = 2 Re (x„e«"V, x^m + |<V>, (A X 2 e 2 <"» - 2< Xl ^, ^X„e^> 

^llx^^f + C^lx^e^H 2 . 

Here we used Condition 1.1 and the following consequence 

|Ar| = ^|(Ar 2 ) - 2|dr| 2 | < C for r = r(x) large. (4.3) 

S'tep III We consider the case a = 0, and hence suppose only ■?/> G T>(H). Let ^ n G 
C£°(M) and large v > 1 be as in Condition 1.3. Then, regarding (4.1), it suffices to 
consider the middle term. By (4.2) we have 

This implies XvVpn converges strongly. Since also XvVpn converges in distributional 
sense to XvF>Pi we obtain that the limit XvVp ^ an d then in turn, by letting n' — > oo 
above, (4.1) for a = 0. 
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Step IV We let a > and suppose e ar ip, e ar Hip e "H. Choose ^ n e C£°(M) and large 
z/ > 1 as in Condition 1.3, again. As for the first and the third terms of (4.1), we 
compute as follows: Put ip n y = x v iip n for v' > 2u and with vy ■— 1 — Xv'- Then we 
decompose 

Xue ar (iJ - i> n y) = Xs^xM ~ 4>n) + X»>e ar iJ. (4.4) 

We put 

R v , = i[H, X w] = \{XW + (prx'w) = xW ~ WMA 2 + xL'Ar), (4.5) 
and decompose similarly 

Xv^W - H^ n y) 

= Xu>e ar X u(H^ - H^ n ) + x^m + ie OT i^ - ~ ie° r R u >4>. 

The norm of the right-hand side of (4.4) can be arbitrarily small by first letting v' be 
large and then n large accordingly (using that ;\ye°" r is bounded). Similarly the norm of 
first three terms on the right-hand side of (4.6) can be arbitrarily small by first letting 
v' be large and then n large accordingly (for the third term we use Step III, i.e. (4.1) 
with a = 0). It remains to consider the last term on the right-hand side of (4.6). We 
claim that 

\\e ar Rv'il>\\ < Civ'. (4.7) 
To show this we use again Step III to write 

\\ x ^ r v^f= lim ||X»V™U 2 - 



(4.6) 



On the other hand by the derivation of (4.2) 

||X»« 2 < C(\x> ar ^ m f + (M) 2 || x , /2 ^e^ m || 2 ), 

and hence we conclude by taking the limit that 

\\x'X T T4f < {^) 2 {\\x,X2v>e° r H^\\ 2 + \\xu/2X2,'e^\\ 2 ) 

<(^) 2 (||e^f + ||e^f). 

A consequence of (4.8) is indeed (4.7), and whence in turn also the last term on the 
right-hand side of (4.6) is small for v' sufficiently large. 

We conclude that there exists a sequence of indices (z/'(m), n(m)) so that with ip m := 
ipn(m),v'(m) (here and henceforth slightly abusing notation) 

WXue^iiJ - VUII + \\Xue ar m - Hij m )\\ -> 0. 

In particular, using here (4.2), the right-hand side of 

\\X2„e° r P ^n - VV)H 2 < C(\\ X 2^ r H^ n - ^ n ,)\\ 2 + WXu^^n ~ i'n'W) 

is small for n, n! — > oo. We can from this point mimic the last part of Step III. □ 

Proof of Theorem 1.5. Suppose E e o- pp (H) D (E , oo) and let be any corresponding 
eigenstate. Then, by Proposition 4.1, for any v > 1 and a > 

<P„ = <Pa,u ■= x^ (r - Av) (t> e H. (4.9) 
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We will choose v > 1 large in agreement with Lemma 4.2 with ip = <fi. In the fol- 
lowing computations we actually have to first choose an approximate sequence for <p 
from C£°(M) and then take the limits. This can be done by using Lemma 4.2 and 
the closedness of H, but since the verification is rather straightforward we shall not 
elaborate on this point. 

We compute, putting R v = i[H , \v\ = Re (x' u P r ) as in (4.5), 

H(j) a = E<p a + 4|dr| 2 0a - ia(Rep r )(j) a - ie^" 4 ^ R v <t>. (4.10) 

In particular indeed (f) a G V(H). Take inner product with CT and compute 

(H)^ = Re(H}^ = <£+ <f |dr|V + i^, x,e 2 ^" 4 ^]) . 

Whence 

(H)^>{E + ^\dr\ 2 )^-C{a)\\<t>\\ 2 , 

where C > does not depend on v or a because r < 2u on supp x'w On the other hand 
if d E (0, c) and v > 1 is large then, cf. (3.5) with a = 0, 

2c'(tf) 0CT < (i[/J,A])^-Re( Pl F) 0CT + C||0 (7 || 2 . 

We fix such d assuming in addition (for a later application) 

liminf (r<9 r |dr| 2 + c'\dr\ 2 ) > 0. (4.11) 



(4.12) 



(4.13) 



We compute the first and the second terms on the right-hand side. By (4.10) again 

= a 2 Im (A|dr| V - 2a Re ((Rep^A)^ - 2 Re (R u e< r ~ 4 ^ A X „e< r -^) , 
while 

- Re (pi-H")^ 

= - ^ (pi|dr| 2 )^ - aim ( Pl Rep^ - Im (p lX ^- 4 ^^ 

The first and the second terms of (4.12) are estimated using 
Im(A|dr| 2 ) = -r(d r \dr\ 2 ), 
-2Re((Rep r )A) = -(Rep r )(2r(Rep r ) - i|dr| 2 ) + h.c. < (<9 r |dr| 2 ). 
As for the third term of (4.12) we estimate (recall the notation \ v = 1 — \v) 
- 2 Re (R^-^Ax^" 4 ^)^ 

< \\e^ r ~^R u ^ 2 + \\x2uA X ,e^U\\ 2 

< {llx^- 4 V0ll + |ll^|dr| 2 + xUAr))e^-^0||} 2 

+ {||2rx 2 ,X,e CT(r - 4 V0ll + ||X2„(2r|dr| 2 X ' V + 2ar X u\dr\ 2 + ±(Ar 2 ) Xi ,)e^ 4 ^0|| \ 



<Cv 2 \\x„,2\pM 2 + Cv 2 {a) 2 \ 
where we have used (4.3). By using (4.1) and (4.2) (both with a = 0) we then conclude 

-2 Re {R v ^ r -^A Xv e a{r - 4v) )^ < Cv 2 {a} 2 " ^ 2 
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Next, we compute the third and fourth terms of (4.13). Note that we can not differen- 
tiate p\. But by the support property of xl (the one used before) the fourth term is 
estimated similarly to the third term of (4.12), and we obtain 

-Im {frXv^-^Rvh < C(a) 
We proceed for the third term of (4.13): 

- Im (piRep r ) 0CT 
= -Im ( pl /) 0CT + I( Pl (Ar)) 0CT 

< - Im p lXi ,e^- 4l V0> + C||0|| 2 + Ca(\ Pl \}^ + C7||0 O 

We apply (4.1) and (4.2) to the first term on the right-hand side yielding 

-Im( Pl RepV <C(supx,/2|pi|)(ff>||^ir + C(t7>||^|| 2 + C||^|| 2 . 
We summarize 

a 2 (r(d r \dr\ 2 ) + c'\dr\ 2 - C(suP Xu/Ml)) ^ - C(a)U a \\ 2 < CV» 2 ||0|| 2 . (4.14) 

We shall apply (4.14) to a fixed v > 1 chosen so large that the quantity r(<9 r |dr| 2 ) + 
c' | dr | 2 — C(supx^/2|pi|) is greater than some positive constant on suppxv Note that 
this in turn is doable since we have assumed (4.11). 

Now assume Xbu4> ^ 0- After division by (a) 2 on both sides of (4.14) the left-hand 
side grows exponentially as a — > oo whereas the right-hand side is bounded, and hence 
we obtain a contradiction. Thus Xbu'P = 0, and then by Condition 1.4 we conclude that 
(j>(x) = in M. □ 

5. Auxiliary operators 
In this section we give the proof of Proposition 4.1. We introduce regularized weights 

9 m {r)=r{l + ^)-\ m>l, 

and denote the derivatives in r by 6m\r), e.g., 

O' m (r)=0^(r) = (l + ^r 2 . 

We introduce furthermore 

Q m (r) = e% S (r)=<Tr + 60 m (r), a,5>0, 
and denote the derivatives by 6m (r) as above. Now we define some observables: 
B = i[H ,r] = \{f + {f)*) =f + i(Ar), 

B rn = i[H , e m ] = \ (e' r y + ( P ye' m ) = & m f + U( Ar )®' m + \dr\ 2 ei} : 

R v = i[H , X u] = W„P r + (p r Txl), v > I- 



(5.1c) 
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Then we have the properties: 

A = 2Br - \\dr\ 2 = 2rB + \\drf (5.1a) 
B m = BQ' m - i\dr\ 2 Q'^ = Q' m B + ^drfe^ (5.1b) 
{B m f = B(Q' m ) 2 B - ^\dr\ 2 )Q' m Q'^ - ±|drf 0^ - \\dr\\Ql) 2 
<B(&J 2 B + C6(a + S), 
where the last inequality is for large r. We set for v' > 2v and ip e C£°(M) 

4> m = i> m ,v,v> = Xvye 0m *P; Xuy = XvXv, Xv = 1 - Xv, 

not to be mixed up with ip n in Lemma 4.2. We recall the notation (3.2). A computation 
shows, cf. (4.10), that 

i(H a - E)^ m 

= i X »ye e ™(H - E)1> + {B m - ±((Q'J 2 - o- 2 )\dr\ 2 } ^ m + e e ™(R u - R v ,)i>. (5 ' 2) 

Lemma 5.1. Let er > be fixed. 

(i) Let e > 0. Then there exists C > such that, if v > 1 is large, for any m > 1, 
< 5 < 1 and < a < a , as quadratic forms on C^°(M), 

Xv Re (AB m ) Xu > 2 Xv BrQ' m Bxv - (e + C5)xl 

(ii) Let e' > 0. T/ien i/iere exists C > snc/i £/iai ; if u >\ is large, for any u' > 2v , 
m> 1,0 < 6 <1,0 <a <a , E eR and i/> e C C °°(M) 

< 5|| W e e >»(iJ - E)4>\\ 2 + e'(Bre' m B)^ m + C5||^ m || 2 

+ aaix./^ii 2 + iix,/ 2 ^n 2 ) + c{ur\\\x^ &m n 2 + \\x^ @m pn 2 )- 

Proof, (i) By (5.1a) and (5.1b) 

Re (AB m ) = \{2Br - \\dr\ 2 )(& m B + ^|dr| 2 0^) + h.c. 

= Br& m B + ^Br\dr\ 2 Ql - ± |dr| 2 0^5 + i|dr| 4 ©^ + h.c. 
= 2BrQ' m B - |{(^|dr| 2 )(0^ + rQ" rn ) + |drf (0^ + r&»)}. 

Then by (1.1) and (1.3) the assertion follows. 
(ii) By (5.2), (5.1c), (1.1) and (4.3) 

\\{H C -E)^ m \\ 2 

< h\\Xuy^{H - EW + 5((5 m ) V + Ill((0^) 2 - ^ 2 )|dr| 2 ^ m || 2 
+ 5\\e @m R l/ ^\\ 2 + 5\\e @m R l/ ^\\ 2 

< 5\\xvye e ™(H - E)4>\\ 2 + 5{B(G'J 2 B)^ + C5\\^ m \\ 2 

+ CMIX^W 2 + \\Xu/2inP\\ 2 ) + C(v'r 2 (\\Xv,2v>e e ^\\ 2 + ||x^e e ^|| 2 ). 

Now choose v > 1 large enough so that 50^ < 5(a + 1) < e'r on suppx^, and we are 
done. □ 
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Proof of Proposition We let E and be as in the proposition. Set 

a = sup {a > 0| e CTr G H}, 

and assume <t < oo. If a > we choose <r G [0, a ) and a small 5 > such that 
a + 5 > a . If o" = we set a = and choose a small 5 > 0. These numbers will be 
determined more precisely in the following arguments. In any case we have e ar <p G "H. 
We indicate below the dependence of constants using subscripts. 
Due to Corollary 3.2, for any ip G C C °°(M) 

Umf < 7 -1 (i[#a, A]) fm + C \\{H a - E)i, m f - Co = C/ 7 . (5.3) 

We estimate the right-hand side using Lemma 5.1. For the first term of (5.3) we use 
(5.2) and Lemma 5.1(i) with e = | estimating 

= -(i(# CT - £)^ m , A^ m ) + h.c. 

= -(ix^e 0m (iJ - £)V, Aij m ) - (B m ij m , Aij m ) + (i|dr| 2 ((e^) 2 - a 2 )^, A^ m ) 

- (e @m (R u - Rsty, Ai\) m ) + h.c. 

< 2\\ Xvy ^{H - E)mM m \\ -2Re (AB m )^ m - ((rd r \dr\ 2 )((&' m ) 2 - a 2 ))^ 

- (2r\dr\ 4 Q' m Q'^ m + C v (\\ Xv/ 2^\\ 2 + llx^ll 2 ) 
+ C m (\\ VrJ^'X^e^W 2 + WV^X.M^Pn 2 ) 

< C(u') 2 \\x,ye e -(H - E)^\\ 2 - 4(BrQ' m B)^ + (f + C^) ||^ m || 2 

+ CUHX./^II 2 + ||X,/2^H 2 ) + C m (\\ y/r~F'x v ,2v>e ar n 2 + || AAT^X^e^f), 
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where we used that rjv' < 2\Jr/v' on suppx^,2^' to estimate {v')~ ||A^v, 

On the other hand, for the second term of (5.3), let us choose e' = in Lemma 5.1(h). 
Then (5.3) is estimated as 



|2 



UmW 2 < C(u') 2 \\Xuye e -(H - £)^|| 2 + (| + + C 2 )*) ||^ 

+ CUHX^II 2 + IIX,/2^|| 2 ) + C m (\\y/r~p X ^>e ar M\ 2 + II v^X^e^f). 

Now fix v > 1 sufficiently large (so that the above estimates hold), and let a and 5 
be such that § + + C 2 )5 < f and a + 5 > a . Then 

|||^ m || 2 < C{v') 2 \\x,y^ m {H - EW + adlx^ll 2 + llx,/2^|| 2 ) 

+ C m (|| v^We^ll 2 + II V^X^e-^ll 2 )- 

By Lemma 4.2 we can replace ^ of (5.4) by <fi. This makes the first term on the right- 
hand side disappear. Next let v' — > oo invoking Lebesgue's dominated convergence 
theorem. Note that the third term disappears, and consequently we are left with the 
bound 

|| X ,e e -0|| 2 < 4a(||x,/20|| 2 + ||X,/2P0|| 2 ). (5.5) 
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By letting m — > oo in (5.5) invoking Lebesgue's monotone convergence theorem we 
conclude that Xv^^ 7 ^ £ This is a contradiction since a + 5 > a . □ 
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